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graded rough set is characterized by absolute quantitative information between the
partitions and basic concept. Thus, the double-quantification integrating relative and
absolute quantitative information has become a fundamental topic for model construction,
especially for developing the decision-theoretic rough set. In this study, we propose a basic

I];Z{,Vg%l_j;;]amiﬁcation framework of double-quantitative decision-theoretic rough set based on Bayesian decision
Decision-theoretic rough set and graded rough set approach in multigranulation approximate space. Three pairs of
Graded rough set double-quantitative multigranulation decision-theoretic rough set models are established,
Multigranulation approximate space which consist of a dual of optimistic double-quantitative multigranulation decision-
Bayesian decision theoretic rough sets, pessimistic double-quantitative multigranulation decision-theoretic

rough sets and mean double-quantitative multigranulation decision-theoretic rough sets.
These models essentially indicate the relative and absolute information quantification.
Furthermore, some essential properties of these models are addressed and the decision
rules which incorporate the relative and absolute quantitative information are investigated.
Finally, an illustrative case about medical diagnosis is conducted to interpret and evaluate
the double-quantitative decision-theoretic approach.

© 2018 Elsevier Inc. All rights reserved.

1. Introduction

Rough set (RS) theory which was originated by Pawlak [24,26], is an extension of the classical set theory and could
be regarded as a mathematical and soft computing tool to handle imprecision, vagueness and uncertainty in data analysis.
It has become a well-established theory for uncertainty management in a wide variety of applications related to pattern
recognition [37], information fusion [8], feature selection [11,12], uncertainty analysis [5,17], rule learning [15], data mod-
eling [36], and knowledge discovery [57]. Given there are no fault tolerance mechanisms between equivalence classes and
basic concept set, several proposals of generalized quantitative rough set models were developed to resolve this limitation
by using a graded set inclusion. The probabilistic rough set (PRS) introduces the probability uncertainty measure into RS
[25], which forms the basis of mainstream quantitative models [1,21,23,40,52,53,59]. PRS offers measurability, generality,
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and flexibility and exhibits a series of concrete models which consist of the decision-theoretic rough set (DTRS) [49], game-
theoretic rough set [2], variable rough set [58], Bayesian rough set [39], and parameter rough set [10]. They aim at modeling
data relationships expressed in terms of frequency distribution rather than in terms of a full inclusion relation. With the
exception of PRS, the graded rough set (GRS) depends on two absolute measures becomes another basic type of quantitative
model [50].

In the viewpoint of information quantification, the DTRS and GRS can respectively reflect relative and absolute quan-
titative information about the degree of overlap between equivalence classes and concept set [13,62]. The relative and
absolute quantitative information are two distinctive objective sides that describe approximate space, and each has its own
virtues and application environments, so that none can be neglected. Here, we illustrate three examples to highlight the
significance of combining the relative quantification and absolute quantification, and the necessity of these two types of
quantitative model is exhibited in different scenarios.

(1) There is a good project that needs to be invested due to the lack of funds. So decision makers prepare to attract 20
million dollars to support the project implementation, and there are two mutually exclusive investment companies
Alpha and Beta as alternatives that means only one investment company will be selected. According to the financial
report, Alpha has a 50 million dollars budget available for investment and plans to invest 15 million dollars in this
project, while Beta has a 30 million dollars budget available for investment and prepares to invest 12 million dollars
in this project. So, which one is more suitable as a partner? There is no doubt that Alpha is the preferable choice,
although the relative proportion of budget is only 30%, which is lower than that 40% of Beta. Here, one focus mainly on
the absolute quantitative information and believes that lower priority of the relative quantitative information.

(2) A company is ready to purchase a large quantity of products in the near future. A and B are the suppliers of this
product, and the price difference between them is tiny. Therefore the chief executive officer prepares to conduct a
selective examination of product quality to determine who will win the bid. The results of sample survey show that
company A has 15 substandard products in the 300 samples and company B has 20 substandard products in 1000
samples. It is clearly that the number of unqualified products of A than B more (15 < 20). But we still believe that B is
a better candidate due to the product qualified rate is 98% > 95%. As this example suggests, the higher priority should
be the relative quantitative information not the absolute quantitative information.

(3) Suppose A and B are research institutes with 70 and 30 proposed projects, respectively, but only 50 projects will be
approved and funded in total. How does one make a final decision on which projects to implement? If only the relative
quantitative information is considered, one may conclude that A and B will achieve 35 and 15 establishment projects,
respectively. However, is this division fair and reasonable in reality? It may be feasible if the two institutes with almost
the same scientific research ability. However, if the research level of A is much higher than B, then A should obtain
more than 35 projects and B should receive less than 15 projects. In practice, the absolute quantitative information that
the number of approved projects is a pivotal index. Therefore, an ideal evaluation must employ rational combinations
of the two evaluation indexes.

The relative and absolute measures adopt different quantitative views for measurement, thus underlying quantitative
applications. Usually, both hold heterogeneity and complementarity, and thus, each relies on its essential benefit to occupy
its own dominant environment. In recent decades, a lot of research interests are attracted by the double-quantitative fusion
of relative quantitative information and absolute quantitative information. Zhang developed a comparative study of relative
quantitative rough set model and absolute quantitative rough set model [62], then he systematically researched the issues of
double-quantitative fusion [63-66]. Based on these achievements, Li constructed two double-quantitative decision-theoretic
rough set models [13], Fan studied this issue based on logical conjunction and logical disjunction operation [6] and Fang
proposed another kind of double relative quantitative decision-theoretic rough set models, which essentially indicate the
relative and absolute quantification [7].

The granular computing (GrC), another powerful tool in artificial intelligence and data processing, which is a term coined
jointly by Zadeh [60,61] and Lin [18]. Bargiela [3,4] and Pedrycz [28-30] conducted a series of systematic studies on GrC
and many constructive achievements were obtained. In the view of GrC, a general concept described by a set is always
characterized via the so-called upper and lower approximations under a single granulation, namely, the concept is depicted
by knowledge induced from a single binary relation on the universe of discourse [51]. In many practical circumstances, we
need to describe concurrently a target concept through multi binary relations according to users’ requirements and targets
of problem solving. Based on this thought, Qian et al. first investigated multigranulation rough set (MGRS) theory to more
widely apply rough set theory [31], and introduced the incomplete multigranulation rough set [32]. Since the MGRS was
established, the theoretic framework have been largely enriched, and many generalized MGRS models and their applications
have also been investigated [33,34]. Wu extended classical MGRS to a novel version based on a fuzzy binary relation [41].
She explored the topological structures and the essential properties of MGRS [38], and Yang revealed the hierarchical struc-
tures properties of the MGRS [48]. Furthermore, Wu and Leung proposed a formal approach to granular computing with
multi-scale data measured at different levels of granulations [42], Lin applied this method to information fusion by combin-
ing with evidence theory [19]. Prior to this study, we have expanded the classical MGRS model to a generalized formal [44],
and developed the MGRS approach in fuzzy tolerance approximation space [45] and ordered information system [46,55,56],
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respectively. These studies provide an abundant theoretical basis for studying the approach of double-quantitative decision-
theoretic in multigranulation approximate space.

Since Qian studied the multigranulation decision-theoretic rough set by combining multigranulation idea and Bayesian
decision theory [35]. A series of generalized multigranulation decision-theoretic rough sets and their applications are dis-
cussed [9,14,16,20,22,47]. However, to the best of our knowledge, there are a lot of researches on decision-theoretic rough
set but few studies on the double-quantitative decision-theoretic approach in the context of multigranulation approximate
space. In numerous circumstances, there are some issues that not only the relative quantitative information but also the
absolute quantitative information should be considered. Meanwhile we need to describe concurrently a target concept
through multi binary relations according to users’ requirements and targets of problem solving. Therefore, the motiva-
tion of this investigation is to develop a new double-quantitative multigranulation rough decision approach by combining
the graded rough set and decision-theoretic rough set in multigranulation approximate space. There are three pairs of
double-quantitative multigranulation decision-theoretic rough set models be established which consist of two optimistic
double-quantitative multigranulation decision-theoretic rough sets, two pessimistic double-quantitative multigranulation
decision-theoretic rough sets and two mean double-quantitative multigranulation decision-theoretic rough sets.

The remainder of this paper is organized as follows. In Section 2, some basic concepts are briefly reviewed. In Section 3,
we establish several novel double-quantitative multigranulation decision-theoretic rough set models, the properties of these
models are addressed and the decision rules are investigated. An illustrated case is conducted to evaluate the proposed
double-quantitative multigranulation decision-theoretic approach and some decision rules are exhibited in Section 4. Finally,
the paper ends with conclusions shown in Section 5.

2. Preliminaries

In this section, we briefly introduce some necessary notions which consist of rough set, decision-theoretic rough set,
graded rough set and multigranulation rough set. It should be noted that P(U) is the power set of U, the ~ X and X are
the complement of X, and |X| means the cardinality of set X throughout this paper. More details can refer to the references
that we cited.

2.1. Pawlak rough set

An information system is represented as a quadruple I = (U, AT, V, f), where U is a finite non-empty set of objects,
AT is a finite non-empty set of attributes, V is a set of attribute value and f is a mapping which from U to V, the f;(x)
means the attribute value of x with respect to a. In rough set theory, an equivalence relation (indiscernibility relation) is
the foundation of classification mechanism. We can define an indiscernibility relation IND(A) with respect to A (where
A C AT) as follows:

IND(A)={(x,y) e U x U: fa(x) = fa(y),a € A}. (2.1)

According to the indiscernibility relation IND(A), we can obtain the equivalence class containing x by following way:

[x]Ja={yeU:(x,y) e IND(A)}. (2.2)

It implies that the quotient set of U is a partition of the universe. In the view of GrC, equivalence classes are the basic
building blocks for the representation and approximation of concept. Each equivalence class may be viewed as a granule
consisting of indistinguishable elements. For any basic concept X € P(U), one can characterize X by a pair of lower and
upper approximations with respect to A as follows:

AX)={xeU:[x]a S X}, (2.3)

AX)={xeU:[x]anX 0} (2.4)

Then, we can obtain the rough regions based on this definition. They are positive region pos(X) = A(X), negative region
neg(X) =~ A(X) and boundary region bn(X) = A(X) — A(X) with respect to A, respectively.

2.2. Decision-theoretic rough set

In order to establish an fault tolerance mechanism between the equivalence classes and basic concept set, Pawlak and
Skowron [27] suggested using a rough membership function to redefine the two approximations and the rough membership
function P(X|[x]a) is defined as follows:

nx
P(X|[xlp) = AN X]
I[x1al
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Table 1
The loss function.

X(P) XN

ap App APN
ay ANP ANN
ap ABP ABN

Analogously, Ziarko [58] defined an misclassification rate by following way:

c([x]a, X)=1— M. (2.6)
[[x]al
In fact, the P(X|[x]4) and c([x]a, X) refer to the relative overlap rate and relative errors with respect to knowledge A and
concept set X, respectively. In the Bayesian decision produce, a finite set of states can be written as Q2 = {w1, @y, - - - , ws},
and a finite set of m possible actions can be denoted by A = {aq,ay,--- ,a;}. Let P(wj|x) be the conditional probability of
an object x being in state w; given that the object is described by X. Let A(a;j|w;) denote the loss, or cost for taking action
a; when the state is wj, the expected loss function associated with taking action g; is given by:

S
R(@il0) =Y Aailoj) P (@;x). (2.7)
j=1
With respect to the membership of an object in X, we have a set of two states and a set of three actions for each state.
The set of states is given by € = {X, X} indicating that an element is in X or not in X, respectively. The set of actions
with respect to a state is given by A = {ap,ap,an}, where P, B and N represent the three actions in deciding x € pos(X),
deciding x € bn(X), and deciding x € neg(X), respectively. The loss function regarding the risk or cost of actions in different
states is given in Table 1.
In the Table 1, App, Anyp and App denote the losses incurred for taking actions ap, ay and ag when an object belongs
to X, and Apy, Anny and Ay denote the losses incurred for taking the same actions when the object does not belong to X,
respectively. The expected loss R(a;j|[x]a) associated with taking the individual actions can be expressed in [5].

R(ap|[x1a) = App P(X|[X]a) + Apn P (XE|[X]A),
R(an|[x]a) = Anp P(X|[X]4) + AnnP(XC|[X]4),
R(ag|[X1a) = App P(X|[X]a) + Apn P(XC|[X]4).

When App < Anp < Agp and Agy < ANn < Apy, the Bayesian decision procedure leads to the following minimum-risk
decision rules:

(P) If P(X|[x]a) > y and P(X|[x]a) > o, decide pos(X);

(N) If P(X|[x]a) <8 and P(X|[x]a) <y, decide neg(X);

(B) If B < P(X|[x]a) < «, decide bn(X).

Where the parameters «, 8 and y are defined as:

APN — A
o= PN — ABN 7 (2.8)
(ApN —ABN) + (ABp — App)
ABN — A
_ BN — ANN ’ (2.9)
(ABN — ANN) + (ANP — ABP)
APN — A
PN Ny (2.10)

Y= .
(ApN —ANN) + (ANp — App)
If a loss function further satisfies the condition that (Apy — Agn)(ANp — ABp) > (AN — ANN)(Agp — App), then we can
get a > y > B. Moreover, we can get that « > y > B if @ > 8, thus, the DTRS has the decision rules:

(P) If P(X|[x]a) > «, decide pos(X);
(N) If P(X]|[x]a) < B, decide neg(X);
(B) If B < P(X|[x]a) < «, decide bn(X).

Using these decision rules, we get the probabilistic approximations, namely, the lower and upper approximations of DTRS
model as follows:

A, pX)={xeU:PX|[x]a) = o}, (2.11)
A, p(X) ={x e U: P(X|[x]a) > B}. (212)
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Here, posi, )(X) = A, 4)(X), neg, p)(X) =~ A, p)(X), b, p)(X) = A, p)(X)— Ay, 4,(X) are the positive region,
negative region and boundary region, respectively.

2.3. Graded rough set

The absolute quantitative information between basic concept and knowledge granules is the main investigation topic of
the GRS. Hence, Yao and Lin proposed the GRS model based on graded modal logics in [50]. For any concept set X € P(U),
suppose k € N is a non-negative integer called “grade” and the lower and upper approximations are defined by following
way:

Ap(X)={xeU:|[x]al —|[x]a N X| <k}, (2.13)
A(X)={xeU:|[x]laNX|>k}. (2.14)

These two approximations are called grade k lower and upper approximations of X with respect to A. The lower ap-
proximation set is an set of elements that satisfy the cardinality of the intersection of the complementary set of X and
objects not to exceed parameter k. On the other hand, the upper approximation set means an set of elements which satisfy
the cardinality of the intersection of X and equivalence classes to exceed parameter k. The grade k positive region, negative
region, lower boundary region and upper boundary region of X are pos(X) = A(X) N Ap(X), neg(X) =~ (Ae(X) U A(X)),
Lbn(X) = Ay(X) — Ar(X) and Ubn(X) = Ap(X) — A, (X), respectively. The boundary region is the symmetric difference of
lower and upper approximation set.

bn(X) = Ar(X) A A(X). (215)
Where the “A” is the symmetric difference of sets that means bn(X) = Lbn,(X) U Ubng(X). Here, it should be noted that
the lower approximation included in the upper approximation does not hold in usually.

2.4. Multigranulation rough set

In order to solve the problem which induced by a family of indiscernibility relation instead of single equivalence relations,
Qian et al. developed two different multigranulation rough set including the optimistic and pessimistic cases. Let I be an
information system in which A1, Ay, -, Am C AT, for any X € P(U), the optimistic multigranulation lower and upper
approximations are denoted by:

0

m m
DA (X)={xeU:\/(Ixla, S X)) (216)
i=1 i=1
m 0 m 0
DA )=~ A (~X). (217)
i=1 i=1

Where the [x]s, means the equivalence class of x in terms of attributes set A; and i =1,2,---,m. Furthermore, we

—0 m

can get that the optimistic multigranulation upper approximation Z;"zl Ai (X)={xeU: A(xla N X #P}. It can be
i=1

considered as a set in which objects have non-empty intersection with the target in terms of each granular structure. On

the other strategy, the definition of pessimistic multigranulation rough set can be given as follows:

m p m

DA X ={xeU: \[xla <X}, (218)
i=1 i=1

m P m P

DA ()=~ A (~X). (219)
i=1 i=1

P m
Analogously, the pessimistic multigranulation upper approximation can be described as Y i*; A; (X) ={xe€ U : \/ ([x]a,N
i=1
X # ()}. Different from the upper approximation of optimistic multigranulation rough set, the upper approximation of
pessimistic multigranulation rough set is represented as a set in which objects have non-empty intersection with the target
in terms of at least one granular structure.
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3. Double-quantitative multigranulation decision-theoretic rough set

In [35], Qian et al. introduced there exist three cases of decision-theoretic rough sets in a multigranulation approx-
imate space. They are optimistic, pessimistic and mean multigranulation decision-theoretic rough sets, respectively. On
the other hand, Li [13] concluded that there are two novel scenarios will be generated by recombining the absolute and
relative quantitative approximation operators. Therefore, there are six kinds of scenarios to establish double-quantitative
decision-theoretic rough set models by recombining the absolute and relative quantitative approximation operators in
a multigranulation approximate space. In this section, we will try to discuss these double-quantitative multigranulation
decision-theoretic rough set models, which essentially incorporate the relative and absolute quantitative information. Be-
fore modeling, the feasibility analysis of model establishment is presented and internal relationship between quantitative
variables is discussed.

3.1. Double-quantification

Due to the relative and absolute errors, two basic notions, are widely existed in numerous measurements. In quantita-
tive rough set model, Zhang [64] concluded that the c([x]a, X) (misclassification rate) and g([x]a, X) (external grade) are
the relative and absolute errors with respect to knowledge A and concept set X. Meanwhile the P(X|[x]a) (conditional
probability) and g([x]a, X) (internal grade) can refer to the relative overlap rate and absolute overlap number, respectively.
In fact, there are two and only two core measures that |[x]4| and |[x]a N X]|. Other quantitative variables can be formed
based on these two core measures. Therefore, we can get the following formulas according to the description of quantitative
variables.

[[x]a N X|
P(X[[x]a) = ———
[[x]al
3.1

2([X1a, X) = |[X1a] — |[X]a N X, (3D

g([x]a, X) = |[x]a N X].

According to the formula (3.1), we can get the relationship between these measures as follows:

— P(X|[x]a)

g([xla, X) = ——————— x g([X]a, X). (3.2)
1-PX][[xla) =
Proof.([B]asi()i on the descriptions of formula (3.1), we can get that %Emz;; _ HXI/‘\lIX—]/I‘ng*‘”X‘ = P(XR[XJA) —1. So, we can obtain
XA, — . — .

that %([X]:’X) = 1,,5;&’2;” that is to say, g([x]a, X) = % x g([xla, X). Here, it should be noted that all of the

fractions are well-defined in this process. This completes the proof. O

8([x1a,X)

In the previous proof, we can get another forms of these core measures that act as |[x]a]| = TP and |[x]a N X| =
% x g([x]a, X). They imply that the following formulas hold.
g([x]a, X)
P(X|[x]a) = ———, (3.3)
[[X]al
g([x]a, X)
P(X|[x]a) =1—=———. (3.4)
[[¥]a]l

Proof. They can be proved directly by formula (3.1). O

The formulas (3.2)-(3.4) show that the conditional probability and grades (external grade and internal grade) are mu-
tually dependent but nonlinear. The conditional probability and grades are related to the relative and absolute quantitative
information, respectively. But, these indexes are not equivalent, and the relationship between them is often close, com-
plementary and dialectical. Therefore, by incorporating the conditional probability and grade, the DTRS and GRS further
contribute to the relative and absolute quantification, thus having relative and absolute fault-tolerance capabilities. The
double-quantification method can provide a more thorough description of the approximate space and promote knowledge
discovery based to double-quantitative information. Normally, there are two ways to establish double-quantitative rough
set model, which consist of the logical operations [6] and the combination of upper and lower approximation operators
[13,43,63]. In this talk, we will try to build the double-quantitative decision-theoretic rough set model in multigranulation
approximate space by the combination of upper and lower approximation operators. Similarly to the classical multigranula-
tion decision-theoretic rough set the discussion are divided into optimistic, pessimistic and mean scenarios, respectively.
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3.2. Optimistic double-quantitative multigranulation decision-theoretic rough set

In existing optimistic multigranulation rough set approaches, the world “optimistic” is used to express the idea that in
multiple independent granular structures, its lower approximation only needs at least one granular structure to satisfy with
the inclusion condition between an equivalence class and the concept set. Qian [35] pointed out that the lower approxi-
mation collects those objects in which each object has at least one granular structure satisfying the probability constraint
(> «) between its equivalence class and the concept set, while the upper approximation collects those objects in which each
object has all granular structures satisfying the probability constraint (> 8) between the equivalence and the concept set. In
the viewpoint of decision-making, the optimistic multigranulation decision-theoretic rough set is applicable to the scenarios
with few requirements. It means that a small number of conditions should be satisfied to obtain decision rules in appli-
cations. Here, we will define the optimistic double-quantitative multigranulation decision-theoretic rough set by combining
the rough approximation operators of DTRS and GRS in multigranulation approximate space.

Definition 3.1. (Dq—MDTRSlO) Let I = (U, AT, V, f) be an information system, given A1, A, ---, A;m C AT are granular struc-
tures, for any X € P(U), B <« €[0, 1], and k € N. Then, the lower and upper approximations of the first kind of optimistic

double-quantitative multigranulation decision-theoretic rough set are denoted by Z lA, (X) and Z 1A,(a 8 (X), re-
spectively.

YA 0 =1{xeU:\/(Xal - lIxIa, N X <K)), (35)
= k i=1

YA X =xeU: \(P(XIXla) > B)). (3.6)
i=1 (@, B) i=1

—0
The model (U,Z;’;1 Ai’?(X),Z;”:] A,'(a’ ﬂ)(X)) is the first kind of optimistic double-quantitative multigranulation

decision-theoretic rough set and is marked as Dq-MDTRSIO. Based on this pair of approximation operators, the positive
region, negative region, upper boundary region and lower boundary can be achieved as follows:

—FF0

(1) pos? (X) = X%y Ai) () N Xy Aigg, (03

—FF0
(2) neg? (X) =~ (LI Ai) ) UL, Aig, ) (XD);
—FF0

(3) UbnP (X) = Y1 Aig, 5)(X) = X0y Ail (X);
S

(4) Lbnf (X) = YL, Ai) (X) = LIy Aiq, ).

Based on Definition 3.1, we can obtain some propositions of Dq—MDTRSlO which are represented as follows:

Proposition 3.1. Given A1, Ay, --- , Am € AT are granular structures, for any X € P(U), B <« € [0, 1], k € N. Then, the following
properties hold.

(1) 2, A (X) 2 Ai (X);
——0 .

(2) X1 Aig, 5 X) S Aia, p)(X);

3) X, A0 = UL, Ay (X0

—0 —
(4) Z?l1 Ait, 5 X =Nik1 Aie, pX);
(5) Al, X)SYM AL ()XY e PU);

(6) ?;1 Ai(a_ 5O ST A Ai(a, 5, IFXSY ePU);
7 X, Ai,"] x)cym, A,-fz (X), ifki <k, €N;

—0 —— 0 .
8) Xt Aigg, gy X) 2 X0L Aigg, 4, (X), if f1 < B2 €10, 11.
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Proof. According to the formulas (2.11) and (2.13), we have A (X) = {x e U :|[x]a;| — l[x]a; N X] <k} and A_i«x, g (X) =
{x € U : P(X|[X]a;) > B}. Then, these propositions can be proved directly from Definition 3.1. O

The Dq-MDTRSlO is a generalization of optimistic multigranulation rough set model. According to Definition 3.1, we can
get Y AC(X) =" A°X) if k=0and YT, A,-?m 5X) =Y, A (X) if B = 0. That means the model with its
thresholds exhibit favorable directional expansion properties.

The relative information similarly complements the absolute description and can be used to improve the GRS model. The
sharp contrast between the relative and grade environments is typical of double quantification applications. For example,
the relative quantification varies over a small range while the grade changes significantly, then the double quantification
can play a significant role. Based on the descriptions of the regions and Proposition 3.1, the decision rules of Dq-MDTRSlO
can be obtained as follows:

(PO) If 3 Aj € & such that |[x]a,| — [[X]a; N X| <k and ¥V A; € & such that P([x],|X) > B, decide posl (X).
(N Oy If V A; € o such that [[x]a;] = 1[x]a; N X| >k and 3 A; € &/ such that P([x]4,|X) < B, decide negl (X).
(UBO) If V Aj € o such that |[x],| — |[x]a; N X| >k and V Aj € & such that P([x]4,|X) > B, decide Ubn? (X).
(LBO) If 3 A; € o such that [[x]4;| — |[X]a; N X| <k and 3 Aj € & such that P([x]4;|X) < B, decide LegI (X).

Where the i,j=1,2,---,m, and the i and j are irrelevant. It should be noted that .« = {A1, Ay, ---, A} is the set
of predefined granular structures throughout this paper. Corresponding to the first kind of optimistic double-quantitative
multigranulation decision-theoretic rough set model, we can define the anther model by following way.

Definition 3.2. (Dq-MDTRSl‘I)) Let I = (U, AT, V, f) be an information system, given A1, Ay, ---, Am € AT are granular struc-
tures, for any X € P(U), B <« €[0, 1], and k € N. Then, the second kind of optimistic double-quantitative multigranulation
decision-theoretic rough set approximations are denoted as follows:

YA X =xeU:\/(PXIxla) = )}, (3.7)

@ B i=1
0

YA X)={xeU: A\(Xla, N X| > k)}. (3.8)

i=1 i=1

Corresponding to the Dq-MDTRS?, it is the second kind of optimistic double-quantitative multigranulation decision-
theoretic rough set and is marked as Dq-MDTRSI?. According to the definitions of lower and upper approximations, we can
define the positive region, negative region, upper boundary region and lower boundary by following way:

(1) pos§ (0 = I, A0 (X) 1 0 Ay (X
(2) negl (X) =~ (T, A, , 00U ST, Ay, (X))

(3) UBRQ (X) = Y10, Ay (X) — X1 1A'<a 5 X

(4) Lbnf) () = XL Aig) -, ( (X0 = S0, Ay (X).

Analogously, we can achieve the following propositions for second type of double-quantitative optimistic multigranula-
tion decision-theoretic rough set.

Proposition 3.2. Given A1, Ay, --- , Am € AT are granular structures, for any X € P(U), 8 < « € [0, 1], k € N. Then, the following
properties hold.

m 0 . .
1) X Aiy, X0 240 5 X0;
—0 _
2 XL Aik (X) C Aj 1 (X);

(3) Xy Aig, |, (0 = ULy Aig, (X
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—m - © m -
(4) 2zt Aigg (X0 = iz1 Ai 1 (X);
(5) iy Ai, , X) S XL Al (N, IFXSY € PU);

m 0 m 0 .
(6) Xoisy Aig (X) € i Aig (). FX S Y € PU);
0 0 :
(7) X1 Ay, 52X Ai, (V) ifer =az €[0,1];

0 0 .
(8) XLy Aig, (X) 2 111 Aiy, (X), if k1 <k €N.
Proof. It can be proved easily based on the proof of Proposition 3.1 and Definition 3.2. O

The Dq—MDTRSI(I’ is also a generalization of optimistic multigranulation rough set model. According to the Definition 3.2,
——0 —0
we can get Y, A,-fa X = Y ACX) ifa=1and Y, Ay (X) =Y, Ai (X) if k=0.

Based on the prev’ious discussions, we can obtain the decision rules for second kind of optimistic double-quantitative
multigranulation decision-theoretic rough set and the decision rules of the Dq—MDTRSl(I) are listed as follows:

(PQ)1f 3 Aj € o/ such that P([x],|X) > and ¥ Aj € & such that [[x]a; N X| > k, decide pos{ (X).
(N)IfV Aj € o such that P([x]4;|X) <o and 3 Aj € & such that |[x]a; N X| <k, decide neg{ (X).
(UBQ)If ¥ A; € o/ such that P([x]4;|X) <« and ¥ Aj € &/ such that [[x]a; N X| > k, decide Ubnf (X).
(LBI([)) If 3 A; € o such that P([x]4;|X) >« and 3 Aj € &/ such that [[X]a; N X| > k, decide Lbn[(l) (X).

According to Definitions 3.1 and 3.2, we can get that the optimistic double-quantitative multigranulation decision-
theoretic rough set model are established based on approximation operators of GRS and DTRS in multigranulation ap-
proximation space. The Dq-MDTRS[O and Dq-MDTRSI(I’ are generalizations of optimistic multigranulation rough set models.
The Dq—MDTRSIO is defined with respect to the parameters k and 8 and the Dq—MDTRSl? is defined based on the thresholds
o and k, respectively. Both of them can degenerate into classical optimistic multigranulation rough set if the parameters are
special enough. These decision rules can be utilized to different fields based on different applied requirements.

3.3. Pessimistic double-quantitative multigranulation decision-theoretic rough set

In this subsection, we will establish two pessimistic double-quantitative multigranulation decision-theoretic rough set
models and discuss the decision rules of these models. Corresponding to the optimistic multigranulation rough set ap-
proaches, the world “pessimistic” is utilized to characterize the idea in terms of multiple independent granular structures,
the positive region should be satisfied with the inclusion condition between equivalence class and concept set with re-
spect to all granular structures. In applications, this method is suitable for the situation with strict conditions, which means
all requirements should be fulfilled to achieve decision rules. Similar to the double-quantitative optimistic multigranula-
tion decision-theoretic rough set, the investigation is divided into two cases and some relevant decision rules are studied,
respectively.

Definition 3.3. (Dq—MDTRSIP) Let I = (U, AT, V, f) be an information system, given A1, Aa,---, A C AT are granular struc-
tures, for any X € P(U), B <« € [0, 1], and k € N. Then, the lower and upper approximations of first kind of pessimistic
double-quantitative multigranulation decision-theoretic rough set are denoted as follows:

m p m

DA O ={xeU: \(Kal—IIxla, N X <k}, (39)
i=1 k i=1

m P m

YA X =xeU:\/(P(XIXla) > B)). (3.10)
i=1 (o, B) i=1

This model is the first kind of pessimistic double-quantitative multigranulation decision-theoretic rough set and is
marked as Dq-MDTRSIP . Based on this pair of approximation operators, the positive region, negative region, upper boundary
region and lower boundary can be achieved as follows:

—FP
(1) posf (X) = XL Aiy ) NI Aigg 4y (XD
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)
(2) neg{ (X) =~ (1L, Ai,‘:(x) U A, 5 (X0);
- »
3) ubnf X)) =31, A, pX) = Z'fn:_1 A"zf(x);
- p
(4) Lbnf (X) = X0y Aiy () = Ty Aigg, 5 (X).

According to Definition 3.3 and the description of these rough regions, we can achieve some propositions of the first
kind of pessimistic double-quantitative multigranulation decision-theoretic rough set.

Proposition 3.3. Given A1, Ay, ---, Am C AT are granular structures, for any X € P(U), B <« € [0, 1], k € N. Then, the following
properties hold.

(1) X A (X) € A, (X0
—m—P _

(2) Zi:l Ai(a, 5)(X) 2 Ajq, ﬂ)(X);

(3) X1y AT (X0 = Ny Ag (X);

——P _
(4) X1 Ay, 5 X = UL Aie, p(X);
(5) XM Al (X) S XM AL (), if XY e PU);

——FP ——FP
(6) Z:n:l Ai(a_ ﬁ)(X) - Z:n:] Ai(a, B) (Y),if XCYePU);
(7) Xy Ay (0 S X8 An (X0, ikt <ka €N;

—P —P .
(8) 2L Aigg, g1y X 2201 Aiy 4, (X), if 1 < B2 €0, 11.
Proof. These propositions can be proved directly based on Definition 3.3. O

The Dq—MDTRSIP is a generalization of pessimistic multigranulation rough set model. According to Definition 3.3, we can
P P . ~m 5 7 —m ;' .
get that Y |0, Ai (X)= YT A (X)ifk=0and Y, A, pX) = YA (X)if p=0.
In the Dq—MDTRSIP model, we can get that it is a natural expansion of classical pessimistic multigranulation rough
set. The lower approximation and upper approximation of Dq-MDTRSIP model are with respect to parameter k and S,

respectively. According to the representation of rough regions and Proposition 3.3, we can achieve the decision rules of
Dg-MDTRS] as follows:

(PIP) If V Aj € & such that |[x]a;| — |[x]a; N X| <k and 3 A € & such that P([x]4,|X) > B, decide posIP(X).
(NIP) If 3 Aj € &/ such that [[x]a,| — [[X]a; N X| >k and V A; € o/ such that P([x]4,|X) < B, decide negIP(X).
(UBIP) If 3 A;j € & such that |[x];] — |[X]a; " X| >k and 3 Aj € &7 such that P([x]4,|X) > B, decide UanP(X).
(LBP)If 3 Aj € o such that |[x]a,| — [X]a, N X| <k and V Aj € & such that P([x]4,|X) < B, decide neg{ (X).

Similar to this kind of pessimistic double-quantitative multigranulation decision-theoretic rough set model, we can es-
tablish the second type of pessimistic double-quantitative multigranulation decision-theoretic rough set model. It can be
denoted by following way.

Definition 3.4. (Dq—MDTRS{;) Let I = (U, AT, V, f) be an information system, given Ay, Ay, ---, Am € AT are granular struc-
tures, for any X € P(U), 8 <« €[0, 1], and k € N. Then, the second kind of pessimistic double-quantitative multigranulation
decision-theoretic rough set approximations are defined by following way.

m P m

YA (0 =xeU: A(PXlxla) = o)}, (3.11)
i=1 @ B i=1

m P m

Y A () ={xeU:\/(xla NX| > k). (312)
i=1 i i=1
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We abbreviate this model as Dq—MDTRS{f . Analogously, the positive region, negative region, upper boundary region and
lower boundary of Dq-MDTRSﬁ can be obtained as follows:

(1) posh (X) = Xy Ail 00 NS, A (0

(2) negh (X) =~ (TIL, ALl (O UL, Ay, (00);

—p
(3) Ubnfi(X) =311, Aij (X) _Mfaﬁ 5>(X):

P —=m 5"
(X) = 2t Ai (X).

(4) Lbny (X) =YL, Ai,

From the definition of second type of pessimistic double-quantitative multigranulation decision-theoretic rough set, we
can get the following propositions.

Proposition 3.4. Given A1, Ay, ---, Am C AT are granular structures, for any X € P(U), 8 <« € [0, 1], k € N. Then, the following
properties hold.

m P ) .
(1) X1 Aig, 5 X0 S Ai ) (X;
(2) T Ai (X) 2 8 ()7
P .
(3) Zili Ay, 0 =1 Aify ) (X);

——P _
(4) X211 Aig (X = ULy Ai e (X);
(5) Xiny Aifa_ 5% S > Aifa‘ 50 ifXCYePU);

P P
(6) 21 A (X) € 2L, Ay (V), f X S Y € P(U);
(7) Xy Aig, 25 Ail (V). ifon <@z €0,1;

m P m P .
(8) XL, Aikl X)2> i, Aikz (X), ifk1 <k eN.
Proof. These propositions can be proved directly based on the introduction of Proposition 3.1 and Definition 3.4. O

Based on the Proposition 3.2 and Proposition 3.4, we can obtain that the monotonicity of Dq—MDTRSI? accordance with

monotonicity of Dq—MDTRSl’f . That means the lower and upper approximations have the increase/decrease monotonicity
with respect to the thresholds « and k, respectively.
The Dq—MDTRS]'; is a generalization of pessimistic multigranulation rough set model. According to Definition 3.4, we can

P P
achieve that ) o, Aifa, ﬁ)(X) =y, AT (X) ife=1 and YA (X) =Y, A;i (X) if k=0. Based on the description

of rough regions and Proposition 3.4, the decision rules of the Dq—MDTRSﬁ can be achieved as follows:

P{)If ¥V Aj € o such that P([x]a]X) = @ and 3 Aj € & such that |[x]a; N X| > k, decide posf (X).
N{)If 3 Aj € o/ such that P([x]4;|X) <o and ¥V Aj € & such that [[x]4; N X| <k, decide negf (X).
UBJ) If 3 Aj € o/ such that P([x]a;|X) <o and 3 Aj € o/ such that |[x]a; N X| > k, decide Ubn{;(X).

(
(
(
(LBf) If ¥ Aj € & such that P([x]a;]X) > @ and 3 Aj € & such that |[x]a; N X| > k, decide Lbnf(X).

According to the decision rules of Dq—MDTRSI? and Dq—MDTRSl’; , we can see that these decision rules are symmet-
rical. That is because the symmetry of classical optimistic multigranulation rough set and pessimistic multigranulation
rough set. These propositions indicate that some essential properties of the novel rough set model still hold. In the follow-
ing study, we will define a new type of double-quantitative multigranulation decision-theoretic rough set model between
optimistic double-quantitative multigranulation decision-theoretic rough set and pessimistic double-quantitative multigran-
ulation decision-theoretic rough set.

3.4. Mean double-quantitative multigranulation decision-theoretic rough set

Analogously, this talk will be divided into two cases by combining the lower and upper approximations operators of
GRS and DTRS in multigranulation approximation space. In classical multigranulation rough set approach, to describe the
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optimistic and pessimistic lower approximations. The word “optimistic” means that we need only at least one granular
structure to satisfy with the inclusion condition between equivalence class and concept set, the word “pessimistic” is uti-
lized to express the idea that with respect to all granular structures should be satisfied with the inclusion condition between
equivalence class and concept set. That can be considered as maximum and minimum in the viewpoint of numerical calcu-
lation. However, these approaches seem too weak or strict in some practical applications. Consequently, we try to establish
a mean double-quantitative multigranulation decision-theoretic rough set based on an average value.

Definition 3.5. (Dq-MDTRSfV’) Let I = (U, AT, V, f) be an information system, given A1, Aa,---, A € AT are granular struc-
tures, for any X € P(U), B <« €[0,1], and k € N. Then, the lower and upper approximations of the first kind of mean
double-quantitative multigranulation decision-theoretic rough set are defined as follows:

m M m
1

DA (X)={xeU:—> (Xla] — I[Xla, N X]) <k}, (313)
i=1 k m i=1
m M m

1
DA O=(xeU:—3 (P(X|iXla)) > B (3.14)
i=1 («, B) i=1

We call this model is the first kind of mean double-quantitative multigranulation decision-theoretic rough set model and
abbreviate it as Dq—MDTRS{V’ . Based on this pair of lower and upper approximation operators, the positive region, negative
region, upper boundary region and lower boundary can be also obtained by following way.

(1) pos(X) = X0, AN 0O N T, Argy, ) (X0:
(2) neg)(X) =~ (T, AM O UL, Argy, 5)(X)):
(3) UBMM(X) = S, Argg, 5y (00 — S0y A (X):
(4) LbnM(X) = MF(X) - mﬁi 5(X).
According to Definition 3.5, we know that there is a difference between this model and classical multigranulation rough
set model. Both the lower and upper approximations depend on a parameter that be induced by an average value of

multi granular structures. Some essential mathematical properties of this model may be changed. Thus, we conduct an
investigation on Dq-MDTRS{V’ and the following propositions are obtained.

Proposition 3.5. Given A1, Ay, ---, Am C AT are granular structures, for any X € P(U), p < o € [0, 1], k € N. Then, the following
properties hold.

(1) 20, Ay 0 S XL Ay (0 € S A (X0;

—FP —M —0
(2) X1 A, 5y 2201 Aty 5y (X) 2 X001 Aig, 5y (XD
(3) Xy A (X) S X, At (), if X C Y e PU);

S M S M ;
(4) Zi:l Ai(a, ﬂ)(X) - Zi:] Ai(a’ ﬂ)(Y), le CYe P(U):
(5) XLt Aiyy (¥) € Ty Ay (X0, if ki <ko €N;

—M —M
(6) 2L Aigg, g1y (X 2201 Aiy ) (X, if B1 < B2 €0, 11.

Proof. (1) For any x € ZT:] AilI:(X), we know that for all A; € & have [[x]a;]| — |[x]a; N X| <k where i =1,2,---,m. So,
we obtain that Y"1t (|[x]a;| — |[x]a, N X|) <m -k means %ZL(\[x]AJ — |[x]a; N X]) <k, thatis xe Y I, AM(X), namely,
. Al-;:(X) oy, A,-II:/I(X). On the other hand, for any x € AM(X), we can get that % S (X1a | = 1IX1a; N XD <k

m
Diet K
based on Definition 3.5. It indicates that there is at least one granular structure A; such that |[x]a;| — [[x]a; N X| <k. So, x €

Y, A,-’?(X) that means > i, A,-kM(X) oy, Ail? (X). To summarize, we can achieve that > 1, Aif(X) oy, A,-IM(X) c
0
YL Ai (X)-
(2) It’s similar to the process of (1).
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(3) For any xe > 1Alk (X), we know 1 Z(l[X]A | — 1[x]a; N X|) < k. Meanwhile, for any X,Y € P(U) have [x]4, N X €
i= 1

m
[x]a; NY if X C Y. So, we can obtain that k>1 Z(|[x —[[x]a; N X = = Z [[X]4;| — |[x]a, NY|) means x € Y fo, A,-i/'(Y).

That is to say Y7L, Aiy’ (X) € YL, Ay (Y) if X g Y e PU).
(4) It is easy to prove based on Definition 3.5 and the proof of (3).

M . M .
(5) Let x € Y 11 A; 1(X) have % (X1 a; | — [[X]a; N X]) < ki <ka if k1 < k. That means x € Y It ; A; Z(X), that is to

M M
say, Yoizg Ai (X € 2 Ay (X).

M m
(6) For any x € ZT:] A,-(a ﬁ)(X) have lZI(P(X\[X]AJ) > B > By if B1 < B2. So, we can achieve that
1

Xe ZI 1 A,(a g1 (X), namely, A,(a g (X) 2 Z, 1A,(a ) (XD
Thus, the proof is accompllshed m]

Similar to the previous double-quantitative multigranulation decision-theoretic rough set, we can obtain the decision
rules of Dg-MDTRSM as follows:

(PI )If — 1 Z, 10[x14;1 = [x]a; N X]) <k and 1 ?’zl(P(Xl[x]Ai)) > B, decide posfv'(X).

(NMYIE LS (1141 — (X4, N X)) > k and l ZT 1(P(X|[X]a,)) < B, decide negM (X).

(UBM Ifl Zl 1(IIx1a; 1 = x1a; N X)) > k and 1 Z, 1(P(X|[X1a,)) > B, decide Ubnfv’(X)

(LBM) If 1 LS (I[x]a;| — |[x]a; N X]) <k and 1 LS (P(X|[x]a,)) < B, decide LbnM (X).

There is another mean double-quantitative multigranulation decision-theoretic rough set model. It was established by

combining the lower approximation operator of DTRS and upper approximation operator of GRS in multigranulation ap-
proximation space.

Definition 3.6. (Dq-MDTRSf‘I/’) Let I = (U, AT, V, f) be an information system, given A1, Ay, ---, Am C AT are granular struc-
tures, for any X € P(U), 8 <« €[0,1], and k € N. Then, the lower and upper approximations of second kind of mean
double-quantitative multigranulation decision-theoretic rough set are denoted as follows:

m _l m
YA X =xeU:= > (P(X|Xla)) = a), (3.15)
£ m “
i=1
(a, B)
_ZAi (X>={er:;2<|[x]Aier|> > k). (3.16)
= k 1=

Based on the definitions of lower and upper approximations, we can characterize the rough regions by following way.
They are positive region, negative region, upper boundary region an lower boundary region, respectively.

(1) posy!(X) = X1, Ai. ﬂ)(X)ﬂm,T(X):
(2) negl (X) = (Mg XU, Ary (X))
3) Ubnf{’(X)=mf<"(x> Al e
(4) LbnM(X) = Z, lA,

B (X) — Zi:l Aik (X).

Similar to the Dq-MDTRSM, we can achieve the propositions of Dq—MDTRSf‘I/’ and they are represented as follows.

Proposition 3.6. Given A1, Ay, --- , Am € AT are granular structures, for any X € P(U), 8 <« € [0, 1], k € N. Then, the following
properties hold.

P
0 X A, OSSR A (0 S Y A (X0

@) T A (02 Y Ay (X) 23T Ary (X);
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M M :
(3) XA, , XS ELi A, N FXCSY ePU);

) Y Aig (X) S Y, Ay (V) if XS Y € PU);
m M m M . .
5) Zi:l Al(oq, 5>(X) 2 Z;‘:1 Al(ocz, ﬁ)(X)' ifa; <ap €[0,1];

6) Yy A, (X) 2 X Aig, (X), if k1 <ka €N,
Proof. It is similar to the Proposition 3.5. O

The Dq-MDTRSf‘I/’ is also a generalization of pessimistic multigranulation rough set model. It indicates that the
Dq—MDTRS{‘I" will be degenerated into a pessimistic multigranulation rough set model when o« =1 and k = 0. The
Dq—MDTRS{‘{’ is a double-quantitative decision-theoretic rough set model which consists relative and absolute quantifica-
tion of information. The decision rules of Dq—MDTRS{‘l/’ are represented as follows:

(P IF £ 3 (P(X([X]14)) = o and & >, ([x]a;] — |[X]4, N X[) > k, decide pos}}! (X).
(Nﬁ” If £ 30, (P(XI[x14)) < @ and & 31, ([[X]4,] — |[x1a; N X]) < k, decide neg}! (X).
(UBM ) If 1 Z’iﬂ 1(P(X][X14;)) <o and 1 Z}“ 1(I1x14;1 = [[x1a; N X1]) > k, decide Ubn 1 (X).
(LBM) If 1 =3 (P(X][X]a)) = o and 1 LS (X141 = [[x]a; N X]) <k, decide Lbnl(X).

Thus, we established six double-quantitative multigranulation decision-theoretic rough set (Dq-MGDTRS) models which
consist of Dq-MDTRS?, Dg-MDTRS], Dq-MDTRS!, Dg-MDTRS};, Dg-MDTRS} and Dq-MDTRS}, respectively. The mathemat-
ical properties of these models are investigated and the decision rules of models are represented. In next subsection, we
will try to discuss the relationships between Dq-MGDTRS and other RS models.

3.5. Relationships between Dq-MGDTRS and other RS models

Based on previous discussions, we obtain six Dqg-MGDTRS models in this study. In these models, the conditional proba-
bility value (thresholds o and 8) and grade (threshold k) decide their detailed form of rough set. From Yao’s study [54], we
can get that the decision-theoretic rough set (DTRS) is a special case of probabilistic rough set (PRS, in [25]) and the DTRS
will degenerate into the Pawlak rough set if thresholds &« =1 and 8 = 0. So, we have the following formulas according to
the formula (2.5) in this scenario.

(1) For =1, we can get that P(X|[x]a) = |[x]a N X|/|[x]a] =1 means |[x]a N X|=|[x]al, that is [x]a C X.

(2) For B =0, we can obtain that P(X|[x]a) = |[x]a N X]|/|[x]a] =0, namely, |[x]4 N X| =0, that is [x]a N X = (.

Therefore, the formulas (2.11) and (2.12) can be presented as follows:

Aq. 0)X)={xeU:P(X|[x]a) =1} ={xeU:[xla S X},
Aa.0(X)={xeU:P(X|[x]a) >0} ={x € U:[x]aN X # 0}

According to [50], the graded rough set will degenerate into the Pawlak rough set if threshold k = 0. Here, we can get
the descriptions of internal and external grades as follows:

(3) For k=0, we can get that |[x]a| — |[x]a N X| =0 means |[x]a] = |[x]g N X]| that is [x]4 C X.

(4) For k =0, we can obtain that |[x]4 N X| =0, namely, [x]a N X =0.

Hence, the formulas (2.13) and (2.14) can be characterized as follows:

A oX)={xeU:|[xlal —[x]an X| <0} ={xe U : [x]a C X},
ApmoX)={xeU:|[X]aNX|>0}={xeU:[x]anX#£0).

Accordingly, we can obtain that both the DTRS and GRS are generalization of Pawlak RS. Especially, the DTRS and GRS
are equivalent if « =1, 8 =0 and k = 0. For the double-quantification topic, Zhang developed an double-quantitative rough
set (Dg-RS) model regarding probabilities and grades in [65], and Li proposed an double-quantitative decision-theoretic
rough set (Dq-DTRS) model based on Bayesian decision procedure and GRS [13]. On the other hand, the MGRS is a natural
prolongation of Pawlak RS when multi binary relations should be considered [31]. It is not difficult for us to infer that Pawlak
RS is a degeneration of MGRS. Furthermore, the multigranulation decision-theoretic rough set (MGDTRS) is established by
utilizing the decision-theoretic approach to multigranulation approximate space. Based on these models, this talk discussed
the double-quantitative multigranulation decision-theoretic rough set (Dq-MGDTRS) models. Therefore, the relationships
between the Dg-MGDTRS and other models are exhibited in Fig. 1.

According to the above discussions, we can obtain that the Dg-MGDTRS is an expansion of Dg-DTRS and MGDTRS.
In particular, the Dq-MGDTRS will degenerate into MGRS if « =1, 8 =0 and k = 0. That means the Dq—MDTRSlO and
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Rough set
(Pawlak, 1982)

fault-tolerant multi binary relation:

GRS PRS MGRS
(Yao & Lin, 1996) (Pawlak, 1988) (Qian & Liang, 2006)
T

Bayesian decision
v

Dqg-RS DTRS
(Zhang & Miao, 2015) (Yao, Wong, et al., 1990)

A A
Dq-DTRS MGDTRS
(Li & Xu, 2015) (Qian, Zhang, et al., 2014)

Dq-MGDTRS
(In this study)

Fig. 1. Relationship between Dq-MGDTRS and other RS models.
O . . . . . . . P P .
Dg-MDTRS;; will degenerate into optimistic multigranulation rough set, the Dg-MDTRS; and Dq-MDTRS;; will degenerate

into pessimistic multigranulation rough set. For the Dq-MDTRSfV’ and Dq-MDTRSf‘{' , we conduct the following discussions.
Based on Definition 3.5, we can obtain the following formulas when ¢ =1, 8 =0 and k =0.

m M m m
YA X ={xeU: %Z(me —|IXla; N XD <k} ={xeU: \(Ixla, € X)),

i=1 g i=1 i=1
M
m _l m m
DA 0={xeU:— Y (P(XIXIa) > By = {xe U \/(Ixla, N X # D).
: m < .
i=1 1, 0) i=1 i=1
Proof. Since for any x € U and A; C AT (i=1,2,---,m), we have [[x]4| —I[x]a; N X] > 0. So, we can get |[x]4,|—|[x]a, N X| =
m

. . M
0 if k= 0. That is |[x]a,| = |[x]a, N X|, namely, [x]4, C X hold for all A; € AT. Therefore, Y -, A; :o(X) ={xeU :ii\([x]Ai C

X)}. On the other hand, because P(X|[x]4;) > 0 for any A; € AT (i=1,2,---,m). Here, we can obtain % Z,r»":l(P(Xl[x]Ai)) >

M m
0 when g =0. That means there exists one A; € AT such that P(X|[x]a;) > 0, that is, Zf"zl Ai(l, 0) X)={xeU:\V(xlaN
i=1
X #¥)}. This completes the proof. O

Therefore, we can obtain that the Dq—MDTRS{V’ is an expansion of pessimistic multigranulation rough set. Analogously,
we can get that the Dq—MDTRSf‘{' will also degenerate into pessimistic multigranulation rough set if « =1, =0 and k =0.
It can be proved by a similar method. They indicate that these models with their thresholds exhibit favorable directional
expansion properties. Based on the above discussions, we will conduct a case study in next section.

4. Case study

Compared with the classical multigranulation decision-theoretic rough set model, the double-quantitative multigranu-
lation decision-theoretic rough set models consider not only the relative quantitative information but also the absolute
quantitative information between the indiscernibility classes and concept set. With the application of thresholds k, o and
B the fault-tolerant ability of model is improved. In order to exhibit the decision approach that combining relative and
absolute quantitative simultaneously, we conduct an example based on Zhang's investigation [62]. These experiments are
implemented using Matlab R2014a and performed on a personal computer with an Intel Core i3-4150, 3.50 GHz CPU, 4.0
GB of memory, and 64-bit Windows 7 OS.

Let I = (U, AT, V, f) be an information system with multiple granular structures, where U is composed of 36 patients,
and the condition and decision attributes are fever, headache, cough and cold respectively. They are represented as ai, as,
as and d in the following discussion. The detailed characteristics of the datasets are showed in Table 2.
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Table 2

Initial medical data.
U a ax as d U a; a as d U ai a as d
X1 0 0 0 0 X13 0 0 1 0 X25 0 2 0 0
X2 1 1 1 0 X14 2 1 2 1 X26 2 2 2 1
X3 0 2 1 1 X15 0 1 2 1 X27 1 1 0 0
X4 2 1 2 0 X16 1 1 0 0 X28 2 0 1 1
X5 1 0 1 1 X17 0 2 1 0 X29 2 1 2 1
X6 2 2 2 1 X18 2 1 2 1 X30 0 0 2 0
X7 0 0 0 0 X19 0 0 0 0 X31 1 2 1 0
Xg 1 2 1 0 X20 1 2 2 1 X32 0 1 0 0
X9 2 2 2 1 X21 2 0 1 1 X33 2 1 1 1
X10 1 1 1 1 X22 0 0 0 0 X34 1 1 1 1
X11 1 2 1 1 X23 2 1 0 0 X35 0 0 0 0
X12 2 0 0 0 X24 1 2 2 1 X36 2 0 1 0

For simplicity and without loss of generality, suppose there are three granular structures that A1 = {ay, ay}, A ={ay, as}
and Asz = {ap, as}, respectively. So, we can compute the equivalence classes with respect to A, A and As. From Table 2,
we can get that the universe of discourse is divided to two parts that U/d = {Dq, D»} as follows:

D1 = {x1, X2, X4, X7, X8, X12, X13, X16, X17, X19, X22, X23, X25, X27, X30, X31, X32, X35, X36},
D; = {x3, X5, X6, X9, X10, X11, X14, X15, X18, X20, X21, X24, X26, X28, X29, X33, X34.

Where D; and D; stand for d =0 and d = 1, while D, expresses the set of patients who are suffering from cold.
Let concept set X = D, then we can compute these variables to characterize the double-quantitative decision-theoretic
approach, which are listed in Table 3. The pair (a, b) is a sequence of attribute value with respect to one granular structure
where a,b € {0, 1, 2}. Here, it should be noted that some abbreviations are utilized to make the table looks more concise.
The ga;, g4, and P4, represent internal grade, external grade and conditional probability with respect to A;, respectively.
Meanwhile, the mark X; jk means a set {x;, xj, Xc} throughout this paper, for instance, the x1,7,13,19,22,30,35 e€xpresses a set
of objects that {x1, X7, x13, X19, X22, X30, X35}.

The definition of upper approximation of DTRS indicates that Z(a, p)(X) is purely g dependent. It has nothing to do with
the o in form or appearance, but the potential condition should be satisfied that o > . So, we can compute the upper and
lower approximations with respect to different thresholds, respectively. The Table 4 represents the upper approximation of
X with respect to parameter §8 for each granular structure A; in DTRS.

Corresponding to Table 4, Table 5 is utilized to describe the lower approximations of X with respect to o for each
granular structure A; in DTRS. In the Bayesian decision procedure, the decision-making is based on a pair of threshold
(o, B). In general, it is divided into three cases that « + 8> 1, « + 8 =1 and o + 8 < 1, respectively. In the calculation
process, we can combine the Table 4 and Table 5 to achieve the results for an arbitrary thresholds pair (¢, B). Then, we
will discuss the decision rules based on different combinations of parameters.

According to the achievements of Table 3, we can obtain the lower and upper approximations of X with respect to
different grade k for each granular structure A; as shown in Table 6. There should be noted that in order to make the
table looks more concise we use the equivalence classes to instead of elements in the description of lower and upper
approximations.

For convenience and without loss of generality, we choose the grade k = 2 throughout this case study. Then, we can
achieve the optimistic, pessimistic and mean graded multigranulation upper and lower approximations of X with respect to
the grade k =2, respectively. They are exhibited as follows:

Y Aiy (X) = {Xa, X6, X9, X14, X18, X26, X29, X33},

0
i, Ai, (X) =U — {x1, X7, X19, X22, X35}

—— b
m
Y imq Aiy (X) = {x4, X6, X9, X14, X15, X18, X20, X21, X24, X26, X28, X29, X33, X36},

m P
D oinq Ai, (X) = {X2, X4, X5, X6, X3, X9, X10, X11, X13, X14, X15, X18, X20, X21, X23, X24, X26, X28, X29, X31, X33, X34, X36

— M
m

Y inq Aiy (X) = {x2, X4, X5, X6, X8, X9, X10, X11, X14. X18, X20, X21, X24, X26, X28, X29, X31, X33, X34, X36},
m M

Z,-:1 Aiz (X) = {x4, X5, X6, X9, X14, X15, X18, X20, X21, X24, X26, X28, X29, X33, X36}.

In the Bayesian decision procedure, from the losses, one can give the values 11, Aj where i =1, 2, 3. We can make some
changes to the loss function which is defined in our prior study [6], and the thresholds can be calculated as follows:
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Table 4
Upper approximation regarding A; in DTRS.
B Aq A As
0.3 U —[x1]a, U — [x1]a, — [X16]4, — [X12]4, [x5]a5 U [X2]a; Ulxalas U[X3]a; UlXelas
0.4 U —[x1]a; — [x3]a; — [x2]4, [x15]4, U [x2]a, U [X20]4, U [X21]4, U [X4]4, [x5]a5 U [X2]a; Ulxalas U X614,
0.5 [x5]a; Ulxgla; Ulxala;, Ulxela, [x2]a, Ulx20]4, U[X21]14, U [X4]a, [x5]a5 U [X2]a; Ulxalas U X614,
0.6 [x5]a; U[X4]a; Ulx6]a, [x20]4, U [x21]4, U [X4]4, [x2]a5 U [X4]a; U X6]as
0.7 [x5]a; U[X4]a; Ulx6a, [x20]4, U [x21]4, U [X4]4, [x2]a5 U [X4]a; U [X6]as
0.8 [x5]a; U[X4]a; Ulx6]a, [x20]4, U [x4]a, [x6]as
0.9 [x5]a; U [X6]a; [x20]4, [x6]as
Table 5
Lower approximation regarding A; in DTRS.
o A] Az A3
0.3 U —[x1]a, U —[x1]a, — [¥16]a, — [x12]a, [X5]a5 U [x2]a;5 U [xala; UlX3]a; U [X6]as
0.4 U —[x1]a; — [x3]a, [x15]a, U[X2]a, U [X20]4, U [X21]4, U [X4]4, [X5]a5 U x2]a;5 U lxala; Ulx3]a; U X6,
0.5 U —[x1]a, — [x3]a; — [x2]4, [x15]a, U[X2]a, U [X20]4, U [X21]4, U [X4]4, [X5]a5 U [X2]a;5 U [x4la; UlX6]a;
0.6 [X5]a, Ulxgla, Ulxala, Ulxela, [x20]a, U [X21]4, U [X4]a, [X5]a5 U [X2]a;5 U [x4]a; U [X6]a;
0.7 [X5]a, Ulxala, Ulxela, [x20]a, U [X21]4, U [X4]a, [X2]a5 U [Xalas Ulxs]as
0.8 [X5]a, Ulxala, Ulxsla, [x20]a, U [X4]a, [X4]a5 U [X6]as
0.9 [x5]a; U [X6]a, [x20]4, [x6]as
1.0 [x5]a; U [X6]a; [x20]4, [x6]as
Table 6
Upper and lower approximations regarding A; in GRS.
k App. Aq Ay As
0 U —[x1]a, U —[x1]a, — [x16]4;, — [X16]A1, [X5]a;5 UlX2]a; UlXalas UlX3]a; UlXe]a,

I R Iy

[x5]a, Ulxsla,

[X2]1a, Ulxgla, Ulx12]a, Ulxala, UlXsla,

[X15]1a; Ulxs]a;, UlX4]a, Ulxe]a,

[xg]a, Ulxala, Ulxela,
U —[x1]a; — [x2]a,

[X4]a,

U —[x1]a; — [x2]a,
[x4]a,

U —[x1]a,

]

U —[x1]a,

[X20]4,

[x21a, Ux20]a, U[X21]4, U [X4]a,
[X15]a, U [x20]4, U[X21]4, U [X4]4,

[X214, Ulx21]a, U [X4]a,
U —[x1]a, — [x2]a,
[X2]a, Ulxala,

U —[x1]a,

[X4]a,

U —[x1]a,

[X4]a,
U —[x1]a,

[X61as

[x5]a; U [X2]a; Ulxa]a; U[X3]a; UlXelas
[x30]a;5 Ux2]a; UlXala; Ulx25]a5 UlX6]1a;5

[X5]a5 U lx2]a;5 U [Xalas Ulx6]a;
U —[x1]a; — [x16]a5 — [X3]a;5

[xa]a; U [X6]a,
U —[x1]a; — [X16]45

[x6]as

U —[x1]a5
[

U —[x1]a;5

Case 1. o + 8 = 1. Consider the following loss function:

App=0, Apy =18,
Agp =9,
Anp =12, Any =0.

Then, we can get « = 0.6, 8 = 0.4 that means o + 8 = 1. We can achieve the optimistic, pessimistic and mean multi-

ABN =2,

granulation decision-theoretic upper and lower approximations of concept X, respectively.

—0
m
Zi:l Aj (0.6,

riLA

Zi=1" g
Z:‘nﬂ Aj 50.6,
Z,in:] Aj Zl).s,

m M
Yiz1 Ai (0.6, 0.4)

0

0.4)(X) = {X4, X5, X6, X9, X14, X15, X18, X20, X21, X24, X26, X28, X29, X33, X361},

0.4)(X) =U — {x1,X3, X7, X16, X17, X19, X22, X25, X27, X35},

04)(X) = {X4, X6, X9, X14, X18, X20, X24, X26, X29, X33}

(X) = {x4, X5, X6, X9, X14, X15, X18, X20, X21, X24, X26, X28, X29, X33, X36}.

04)(X) = {X2, X4, X5, X6, X8, X9, X10, X11, X13, X14, X15, X18, X20, X21, X23, X24, X26, X28, X29, X31, X33, X34, X36}.

0.4)(X) = {X2, X4, X5, X6, X8, X9, X10, X11, X14, X15, X18, X20, X21, X24, X26, X28, X29, X31, X33, X34, X36},
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Table 7

The Dq-MDT approximations of X with respect to k=2, « = 0.6 and 8 =0.4.
Model Lower approximation Upper approximation
Dq-MDTRS! U —x1,7,19,22,35 X4,5,6,9,14,15,18,20,21,24,26,28,29,33,36
Dq—MDTRSfI’ X2,4,5,6,8,9,10,11,13,14,15,18,20,21,23,24,26,28,29.31,33,34,36 X4,6,9,14,18,26,29.33
Dq-MDTRS} X4,6,9,14,15,18,20,21,24,26,28,29,33,36 X2,4,5,6,8,9,10,11,12,13,14,15,18,20,21,23,24,26,28,29,30,31,32,33,34,36
DCI-MDTRSE X4,6,9,14,18,20,24,26,29,33 X2,4,5,6,8,9.10,11,13,14,15,18,20,21,23,24,26,28,29.31,33,34,36
Dq-MDTRS} X4,5,6,9,14,15,18,20,21,24,26,28,29,33,36 X2,4,5,6,8,9,10,11,14,15,18,20,21,24,26,28,29,31,33,34,36
DCI-MDTRSﬁ/' X4,5,6,9,14,15,18,20,21,24,26,28,29,33,36 X2,4,5,6,8,9,10,11,14,18,20,21,24,26,28,29,31,33,34,36

Based on these results and the approximations of X with respect to k =2 in GRS, we can obtain the lower and upper ap-
proximations of X for the proposed double-quantitative multigranulation decision-theoretic rough set models, respectively.
They are shown in Table 7.

According to Table 7, we can compute the rough regions of Dg-MDTRS?, Dg-MDTRS{, Dq-MDTRS}, Dg-MDTRS/,
Dq-MDTRSfV’ and Dq-MDTRSf‘I/’ with respect to o« = 0.6, § = 0.4 and k = 2, respectively. For simplicity and without loss
of generality, we compute the rough regions of Dq—MDTRSlO as an illustration, and they are listed as follows:

pos? (X) = {X4, X5, X6, X9, X14, X15, X18, X20, X21, X24, X26, X28, X29, X33, X36 };

neg® (X) = {x1, X7, X19, X22, X35};

Ubn? (X) =0;

LbnP (X) = {x2, X3, X8, X10, X11. X12, X13, X16, X17. X23, X25, X27, X30, X31, X32, X34}.

For « = 0.6, 8 =0.4 and k = 2, these models have their own quantitative semantics for the relative and absolute degree

quantification. Furthermore, we can obtain the decision rules in practiced applications by using Dq—MDTRSIO model as
follows:

(P?) The patients X3, X4, X6, Xg, X9, X11, X12, X14, X17, X18, X20, X21, X23, X24, X25, X26, X28, X29, X31, X33 and x3¢ are suffering from
cold with respect to these diagnostic indexes and given parameters;
(NIO) The patients x1, X7, X19, X22 and x35 are not suffering from cold regarding current diagnostic conditions;

(BIO) The patients x2, X3, X3, X10, X11, X12, X13, X16, X17, X23, X25, X27, X30, X31, X32 and X34 can not be diagnosed with respect to
present information. A further diagnosis is need to them.

Case 2. @ + B < 1. Consider the following loss function:
App=0, Apy=19,
Agp =12, Apn =3,
AnNp =19, Any =0.
Based on the loss function, we can get & = 0.5, 8 = 0.3, that is to say, @ + 8 < 1. We can obtain the optimistic, pessimistic
and mean multigranulation decision-theoretic upper and lower approximations of concept X, respectively.

— 0
m
>iz1Ais, 0.3)(X) = {X2, X3, X4, X5, X6, X8, X9, X10, X11, X14, X15, X17, X18, X20, X21, X24, X26, X28, X29, X31, X33, X34, X36},

m 40
D ieq Ai(os 03)(X) =U — {x1, X3, X7, X16, X17, X19, X22, X25, X27, X35}.

—
Yiti Aigs. 03)(X) =U — {x1, %7, %19, X22, X35},

m P
D i Ai(o 5 0 3)(X) = {X4, X5, X5, X9, X14, X15, X18, X20, X21, X24, X26, X28, X29, X33, X36}.

2?1:1 Ai%i 0.3)(X) = {X2,X3, X4, X5, X6, X8, X9, X10, X11, X13, X14, X15, X17, X18, X20, X21, X24, X26, X28, X29, X31, X33, X34, X36},
m M

M(o.s, 0.3)

Combining with these results and the achievements that are showed in Table 6, we can obtain the lower and upper
approximations of these constructed double-quantitative multigranulation decision-theoretic rough set models and they are
exhibited in Table 8.

Table 8 indicates that the lower and upper approximations of Dg-MDTRS?, Dq—MDTRSl(l) , Dg-MDTRS?, Dq—MDTRS[’; ,
Dq—MDTRS{V’ and Dq-MDTRSf‘[/’ with respect to o = 0.5, 8 = 0.3 and k = 2, respectively. Based on these results, we can di-
rectly obtain the rough regions by the definitions. For simplicity and without loss of generality, we choose the Dq-MDTRSlO
as an example, and the rough regions are exhibited by following way.

posy (X) = {x4, X, X9, X14, X15, X18, X20, X21, X24, X26, X28, X29, X33, X36};

(X) = {x2, X4, X5, X6, X3, X9, X10, X11, X14, X15, X18, X20, X21, X24, X26, X28, X29, X31, X33, X34, X36}.
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Table 8
The Dq-MDT approximations of X with respect to k=2, « =0.5 and 8 =0.3.
Model Lower approximation Upper approximation
0
Dq-MDTRS, U —x1,7,19,22,35 X2,3,4,5,6,8,9,10,11,14,15,17,18,20,21,24,26,28,29,31,33,34,36
0
Dg-MDTRSy X2,4,5,6,8,9,10,11,12,13,14,15,18,20,21,23,24,26,28,29,30,31,32,33,34,36 X4,6,9,14,18,26,29,33
P
Dg-MDTRS; X4,6,9,14,15,18,20,21,24,26,28,29,33,36 X2,3,4,5,6,8,9,10,11,12,13,14,15,16,17,18,20,21,23,24,25,26,27,28,29,30,31,32,33,34,36
P
Dq-MDTRSy; X4,5,6,9,14,15,18,20,21,24,26,28,29,33,36 X2,4,5.6,8,9,10,11,13,14,15,18,20,21,23,24,26,28,29,31,33,34,36
M
Dq-MDTRS, X4,5,6,9,14,15,18,20,21,24,26,28,29,33,36 X2,3,4,5,6,8,9,10,11,13,14,15,17,18,20,21,24,26,28,29,31,33,34,36
M
Dq-MDTRSy X2,4,5,6,8,9,10,11,14,15,18,20,21,24,26,28,29,31,33,34,36 X2,4,5,6,8,9,10,11,14,18,20,21,24,26,28,29,31,33,34,36
Table 9
The Dq-MDT approximations of X with respect to k=2, « =0.7 and 8 =0.5.
Model Lower approximation Upper approximation
Dg-MDTRS? U —X1.7.19.22.35 X4,5,6,9,14,18,20,24,26,29,33
0
Dq-MDTRS; X2,4,5,6.9,10,14,15,18,20,21,24,26,28.29,33,34,36 X4,6.9,14,18,26.29,33
Dq-MDTRS{ X4,6,9,14,15,18,20,21,24,26,28,29,33,36 X2,4,5.6,8,9,10,11,13,14,15,18,20,21,23,24.26,28,29,31,33,34,36
P
Dg-MDTRS; X6.9.26 X2,4,5.6,8,9.10.11,13,14,15,18,20,21,23,24,26.28,29,31,33.34.36
Dq-MDTRS} X4,5,6,9,14,15,18,20,21,24,26,28,29,33,36 X2,4,5,6,8,9,10,11,14,15,18,20,21,24,26,28,29,31,33,34,36
M
Dg-MDTRSy X4,5,6,9,14,18,20,24,26,29,33 X2,4,5,6,8,9,10,11,14,18,20,21,24,26,28,29,31,33,34,36

negl (X) = {x1, X7, X19, X22, X35};

Ubnf (X) = {2, X3, X5, X3, X10, X11, X12, X13, X16, X17. X23, X25, X27, X30, X31, X32, X34}

Lbnf (X) = 0.

For « = 0.5, 8 =0.3 and k = 2, these models have their own quantitative semantics for the relative and absolute degree

quantification. Analogously, the thresholds can be determined by the real acquirements. Then, the decision rules can be
simply achieved based on these studied decision mechanisms as follows:

(PIP) The patients X4, Xg, X9, X14, X15, X18, X20, X21, X24, X26, X28, X29, X33 and x3g are suffering from cold with respect to these
diagnostic indexes and given parameters;

(NIP ) The patients x1, X7, X19, X22 and x35 are not suffering from cold regarding current diagnostic conditions;

(BIP) The patients x;, x3, X5, Xg, X10, X11, X12, X13, X16, X17, X23, X25, X27, X30, X31, X32 and x34 can not be diagnosed with respect
to present information. We need to take a further diagnosis to make decisions.

Case 3. o + 8 > 1. Consider the following loss function:
App =0,Apy =21,
Agp=7, AgN=2,
ANp =9, Any =0.

According to the loss function, we can get that ¢ = 0.7, 8§ = 0.5 that means « + 8 > 1. We can get the optimistic,
pessimistic and mean multigranulation decision-theoretic upper and lower approximations of concept X, respectively.

=70
m
2iz1 Aio7. 0.5 (X) = {Xa, X5, X6, X9, X14, X18, X20, X24, X26. X29, X33},

m [0}
D i Ai(o 70 5)(X) = {X2, X4, X5, X6, X9, X10, X14, X15, X18, X20, X21, X24, X26, X28, X29, X33, X34, X36}.

——P
m
Z,-:1 Ai(0,7, 0.5)(X) = {X2, X4, X5, X6, X8, X9, X10, X11, X13, X14, X15, X18, X20, X21, X23, X24, X26, X28, X29, X31, X33, X34, X36},

P
ity Ai(m 0.5)(X) = {X6, X9, X26}.

—M

p Aio.7. 0.5)(X) = {X2, X4, X5, X6, X8, X9, X10, X11, X14, X15, X18, X20, X21, X24, X26, X28, X29, X31, X33, X34, X36},

M

Yty /‘\i(o7 0‘5)()() = {X4, X5, X6, X9, X14, X18, X20, X24, X26, X29, X33}

Analogously, we can get the lower and upper approximations of the designed double-quantitative multigranulation
decision-theoretic rough set modes and results as shown in Table 9.

The lower and upper approximations of Dq—MDTRSlO. Dq—MDTRSI‘I), Dq—MDTRSIP , Dq—MDTRSl’;, Dq—MDTRSfV' and
Dq—MDTRS{‘I" with respect to ¢ = 0.7, 8 =0.5 and k = 2 are revealed in Table 9. According to these achievements, we
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can get the rough regions of each rough set models. Without loss of generality, we take the Dq-MDTRSIM as an illustration,
and the rough regions of this model are exhibited as follows:
posM (X) = {x4, X5, X6, X9, X14, X15, X18, X20, X21, X24, X26, X28, X29, X33, X36};

M .

neg;" (X) = {x1, X3, X7, X12, X13, X16, X17, X19, X22, X23, X25, X27, X30, X32, X35}
M )

Ubn" (X) = {x2, X8, X10, X11, X31, X34};

LbnM(X) = @.
I
For « = 0.7, 8 =0.5 and k = 2, these rough regions have their own quantitative semantics for the relative and absolute
degree quantification. Based on these results, we can get that the rough regions are varied with the changes of thresholds.
Furthermore, we can get the decision rules by using Dq—MDTRS{V’ model as follows:

(PIM) The patients xg4, X5, Xg, X9, X14, X15, X18, X20, X21, X24, X26, X28, X29, X33 and x3g are suffering from cold with respect to
these diagnostic indexes and given parameters;

(N[M) The patients x1, X3, X7, X12, X13, X16, X17, X19, X22, X23, X25, X27, X30, X32 and x35 are not suffering from cold with respect
to current diagnostic conditions;

(B{V’) The patients x;, xg, X10, X11, X31 and x34 can not be diagnosed with respect to present information. A further diagnosis
is need to them.

With regard to one information system, the rough regions and decision rules rely on the parameters to solve different
issues. Table 7, 8 and 9 exhibit the lower and upper approximations of proposed rough set models. According to these
case studies, we can obtain that the rough regions and decision rules are varied with respect to different thresholds. For
the same patient, the decision rule depends on the models and thresholds. The concept that we considered in these cases
is cold patient set D;. For the thresholds are &« = 0.6, 8 = 0.4 and k = 2, the decision rule indicate that the patients
X4, X5, X6, X9, X14, X15, X18, X20, X21, X24, X26, X28, X29, X33, X3¢ are suffering from cold. The patients x4 and x3¢ are diagnosed
with a cold in the model of Dq—MDTRSIO, but they are not be treated as sick in original Table 2. We analyzed the symptoms
of x4 and x3g, the possibility of misdiagnosis is present in initial medicinal data. For the thresholds are « = 0.5, 8 =0.3 and
k =2, we can achieve that x4, Xg, X9, X14, X15, X18, X20, X21, X24, X26, X28, X29, X33, X36 are diagnosed with a cold in the model of
Dq—MDTRSIP , we can get that the patient x5 is health in this model but diseased in Dq—MDTRSIO . Combining the symptoms
of x5 that shown in the Table 2, we can think that x5 is not likely to catch a cold. For the thresholds are « =0.7, 8 =0.5
and k = 2, the results show that the patients x4, X5, X5, X9, X14, X15, X18, X20, X21, X24, X26, X28, X29, X33, X3¢ are suffering from
cold in Dq—MDTRSfV'. These diagnostic results are consistent with previous diagnostic results in Dq—MDTRSlP. The sets of
health human are different in these models, but the people X1, x7, X19, X22, X35 are health that are diagnosed by model
Dq-MDTRS?, Dq—MDTRSlP and Dq—MDTRSfV' . The symptoms of them indicate that they are certainly healthy. Utilizing these
models, we can perform some preliminary diagnostic analysis for patients. The diagnostic results for different models and
thresholds are not completely consistent. Thus, we should choose an appropriate model and thresholds based on practical
requirements in applications.

5. Conclusion

The graded rough set and decision-theoretic rough set serve as two generalized rough sets, which were utilized to
measure the absolute and relative mutual information between the equivalence classes and stated concept in approximate
space, respectively. In many circumstances, we often need to describe concurrently a target concept through multi granular
structures and quantification criterions according to practical requirements of problem solving. In order to study double-
quantification decision-theoretic approach which fuses the relative and absolute quantitative information in multigranulation
approximate space, we introduce the idea of double-quantification decision-theoretic into the framework of multigranula-
tion in this talk. Three pairs of double-quantitative multigranulation decision-theoretic rough set models are established
by recombining the approximate operators of graded rough set and decision-theoretic rough set. They are Dq-MDTRSlO,
Dq—MDTRSlCl’ , Dg-MDTRS?, Dq—MDTRSI’; , Dq—MDTRSfV’ and Dq—MDTRSf‘l" , respectively. Several interesting properties of these
models are addressed and the decision rules are also deduced based on the Bayesian decision method. These novel models
perform a basic double quantification of the absolute information and relative information, and satisfy the quantitative com-
pleteness properties and exhibit strong fault tolerance capabilities. Based on the decision mechanisms, we designed a series
of illustrations with respect to different combinations of parameters. This paper develops a basic framework of double-
quantitative decision-theoretic rough set in multigranulation approximate space, and there are still some issues should be
studied in our future work, for instance, double-quantitative multigranulation decision-theoretic rough set under dynamic
granulation, double-quantitative multigranulation decision-theoretic rough set under different granulation with respect to
different thresholds and the practical applications of double-quantitative multigranulation decision-theoretic rough set.
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